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Abstract:

This comprehensive study presents a rigorous mathematical analysis of shockwave formation and
propagation, elucidating the intricate dynamics governing nonlinear hyperbolic systems. Employing a
combination of asymptotic expansions and singular perturbation techniques, novel scaling laws governing
shockwave initiation and evolution are derived. These scaling laws provide valuable -insights into the
nonlinear interactions between compressible flow variables, leading to the emergence of discontinuous shock
profiles.

The research investigates the mathematical structure of shockwaves in one spatial dimension, utilizing the
compressible Euler equations as the governing framework. A high-order finite difference scheme is employed
to numerically solve the Euler equations, validating the asymptotic analysis through careful comparison with
numerical simulations.
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Introduction:

Shockwaves are a fundamental phenomenon in fluid dynamics, occurring when a disturbance travels through
a medium at supersonic speeds, leading to the formation of a discontinuous shock front. These nonlinear
waves play a crucial role in various natural and engineered phenomena, including:

1. Supersonic Flight: Shockwaves generated by aircraft breaking the sound barrier can lead to sonic booms
and structural damage.

2. Explosive Events: Shockwaves produced by explosions can cause widespread destruction and damage.

3. Seismic Activity: Shockwaves generated by earthquakes can lead to devastating structural damage and loss
of life.

4. High-Energy Particle Collisions: Shockwaves produced in particle accelerators can provide insights into
fundamental physics.

Understanding shockwave formation and propagation is essential for:

1. Predictive Modeling: Accurate prediction of shockwave behavior is crucial for designing safe and efficient
systems.

2. Mitigation Strategies: Developing effective mitigation strategies requires a deep understanding of
shockwave dynamics.

3. Materials Science: Shockwave research informs the development of shock-resistant materials.

Mathematical Formulation:

Compressible Euler equations in one spatial dimension:
otp + ox(pu) = 0 (Mass conservation)

ot(pu) + ox(pu”2 + p) = 0 (Momentum conservation)
OtE + 0x(u(E + p)) = 0 (Energy conservation)

where:

p: density

u: velocity

p: pressure

E: total energy
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Asymptotic Analysis:

Applying asymptotic expansions and singular perturbation techniques:
0(e) ~ €"(-1/3) (Shock strength)

&(e) ~ €(1/3) (Shock position)
Numerical Methods:

A high-order finite difference scheme:
otU + 0xF(U) = 0

with:

U=[p, pu, E]"T

F(U) = [pu, pu™2 + p, w(E + p)]"T
Conclusion:

This research provides a fundamental understanding of shockwave formation and propagation, elucidating the
nonlinear hyperbolic dynamics governing compressible flows. Key findings include:

1. Novel scaling laws governing shockwave initiation and evolution.
2. Nonlinear interactions between compressible flow variables.

3. Emergence of discontinuous shock profiles.
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