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Abstract: In this theoretical study, a mathematical model is developed to carry out a systematic analysis 

of flow behaviour in a two-dimensional vessel (modeled as artery) with a locally variable shaped 

constriction. An artificial artery, which containing a viscous incompressible fluid that representing the 

flowing blood can be treated as inflexible vessel. The shape of the stenosis in the arterial lumen is chosen 

to be symmetric as well as asymmetric about the middle cross section is perpendicular to the axis of the 

vessel. The constricted 1 is resolved into a straight el and the entire resulting aquations are solved hu 

numerical. 
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1. INTRODUCTION 

It is known that stenosis is a constricting of any tubulike structure in the body, including blood 

vessels, heart valves, vertebral canal and the GI tract. A survey of the existing literature on the 

experimental and theoretical studies of blood flow various parts of the arterial tree under normal as well 

as pathological conditions further indicates that in certain situations the Bingham plastic fluid model (a 

particular case of Herschel-Bulkley model) gives a better description of the rheological properties of 

blood [2, 16]. Blood vessel narrowing is one of the more common usages of this term. High cholesterol 

could conduced to the stenosis of an artery when it accumulates on the inner wall of the artery. This 

accumulation, referred to as atherosclerosis, can build up within the artery to the point where it reduces 

blood flow to organs of the body. When blood flow is reduced, nutrients and oxygen cannot travel to the 

tissues that need it. The presence of stenosis can lead to serious circulatory disorders. There is strong 

evidence that hydrodynamic factors such as resistance to flow, wall shear stress and apparent viscosity 

may play a vital role in the development and the progression of arterial stenosis. Young [18] described 

many problems in fluid mechanics of arterial stenosis, while Shukla et al. [12] studied the effect of 

stenosis on non-Newtonian flow of blood in an artery. Many researchers [15,17] feel that the 

hydrodynamic factors may be helpful in the diagnosis, treatment and fundamental understanding of many 

disorders. Verma et. al. [14] studied the shape of stenosis to blood flow through an artery with mild 

stenosis and they evaluated, for a given rate of flow, the wall shear stress increases immediately as the 

stenosis increases in size. Misra & Shit [3] investigated blood flow through arterial segment assuming 

blood as Hershal-Bulkley fluid. They obtained that the skin-friction and the resistance to flow is 

maximum at the throat of the stenosis and minimum at the end. Ali et. al. [8] analyzed the effect of an 

axially symmetric time dependent growth into the lumen of a tube for constant cross section through 

which a Newtonian fluid is steadily flowing .They investigated the structure of flow through arterial 
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model with one or two sinusoidal stenosis, assuming tha arterial blood flow is quasi-steady. Shah & 

Siddiqui [10] studied the influence of peripheral layer viscosity on physiological characteristics of blood 

flow through stenosed artery using Power-law fluid model. It was observed that the resistance to flow 

increases as stenosis size and peripheral layer viscosity increases. They found that the peripheral layer 

viscosity of blood in diabetic patients is higher than in non-diabetic patients, resulting higher resistance to 

blood flow. Thus diabetic patients with higher peripheral layer viscosity are more prone to high blood 

pressure. Therefore the resistance to blood flow in case of diabetic patients may be reduced by reducing 

viscosity of the plasma. A mathematical model of blood flow in porous vessel having double stenosis in 

the presence of an external magnetic field has been investigated by Sinha et al. [13] while Shit and Roy 

[II] put forwarded a mathematical analysis for the unsteady flow of blood through arteries having 

stenosis, in which blood was treated as a Newtonian viscous incompressible fluid. They also investigated 

that the wall shear stress decreases as stenosis shape parameter increases but in the case of increasing 

stenosis size, stenosis length and peripheral layer viscosity wall shear stress is increases. Bali & Awasthi 

[9] analyzed the effect of extemal magnetic field on blood flow in stenotic artery. They presented that the 

resistance to flow increases with stenosis height and red cell, which depends on hematocrit value of 

blood, on the other side resistance to flow decreases with the increase in the value of Hartmann number. 

Mathur & Jain [7] studied the pulsatile flow of blood through stenosed arteries, including the effects of 

body acceleration and a magnetic field. Blood flow problems are more complicated than the fluid flow 

problems. Some researchers studied the power law fluid model of blood arguing that under certain 

conditions, blood behaves like a power law fluid. Casson [6] examined the validity of Casson model in 

studies pertaining to the flow characteristics of blood and reported that at low shear rates the yield stress 

for blood is non-zero. The properties arise from fact that the vessels walls are formed of different 

substances such as elastic, collagen and smooth mussels with entirely different properties. 

In present paper we have studied the effects of bell shaped stenosis on resistance to flow, wall 

shear stress and velocity profile in an artery by assuming the blood as power-law fluid. 

Thalassemia is an inherited blood disorder. It causes the body to make less haemoglobin. There 

are two main types of thalassemia; alpha and beta, Beta thalassemia is affected by different genes of 

parents suffering from thalassemia . There are several types of beta thalassemia; major and minor, 

different people will have different symptoms, based on which type of major beta thalassemia (Cooley 

Anemia) is reduce the production of haemoglobin. Haemoglobin is the iron-containing protein in red 

blood cells and plasma that carries oxygen to cells throughout the body. 

In people with major beta thalassemia (Cooley Anemia) low levels of haemoglobin lead to a lack 

of oxygen in many parts of the body. Affected individuals also have a shortage of rod blood cells and 

plasma, which can cause pale skin, fussy, having a poor appetite, having many infections, belly swelling 

and slowed growth. People with major beta thalassemia are at an increased risk of developing abnormal 

blood clots, 

Structure and the function of arterioles 

An arteriole is a small-diameter blood vessel in the microcirculation that extends and branches out 

from an artery and leads to capillaries. Arterioles have muscular walls (usually only one to two layers of 

smooth muscle cells) and are the primary site of vascular resistance. The greatest change in blood 

pressure and velocity of blood flow and plasma occurs at the transition of arterioles to capillaries. This 

function is extremely important because it prevents the thin, one- layer capillaries from exploding upon 

pressure. The arterioles achieve this decrease in pressure, as they are the site with the highest resistance 

Real Model 

Frame of reference: - In this model we have choose orthogonal curvilinear generalized three- 

dimensional co-ordinate system denoted by E called three-dimensional Euclidean space of the moving 

blood. All quantities related to blood flow written in tensorial form which is comparatively more realistic.  

Let P be n pin in space with co-ordinate X' with respect to axes OXi,O as origin where i = 1,2,3, At time 

t,Vk= Vk (Xi,t) be velocity of blood, p = p(Xi,t).  

thermodynamically pressure and p = p(Xi,t) density, Since blood vessels are cylindrical the governing 

equations have to transform into cylindrical co-ordinate system [6] . 
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Constitution of blood 

Blood is bio fluid or fluid connective tissue. Blood consists of a suspension of cells in an aqueous 

solution called plasma which composed of about 90% water and 7% protein. There are about 95% are red 

blood cells or erythrocytes whose main function is to transport oxygen from lungs to all the cells of the 

body and removal of carbon dioxide formed by metabolic process in the body to lungs. About 45% of the 

blood volume in an average human is occupied by red blood cells. This fraction is known as the 

hematocrit of the remaining white blood cells or leucocytes constitute about one sixth or 1% of total and 

these play a impartment role in the body to infection and platelets form 5% of the total blood and they 

perform a function related to blood clotting [*] 

Formulation 

According to Sharman I.W. and Sherman V.G. blood is mixed fluid. There are two phases in the blood, 

one is plasma and other is blood cells. The blood cells are enclosed with a semi- permeable membrane 

whose density is greater than that of plasma. These blood cells are uniformly distributed in plasma. 

Equation of continuity for two phase blood 

According to Upadhyay V. The flow of blood is affected by the presence of blood cells. This effect is 

directly proportional to the volume occupied by blood cells. Let the volume portion covered by blood 

cells in unit volume be X, where X =  
H

100
 and H is  hematocrit the volume percentage of blood cells. 

Then the volume portion covered by plasma will be 1 - X. If the mass ratio of blood cells to plasma is r 

then 

 

r =  
Xpc

(1 − X)Pp
 

 

Where Pc  and Pp are densities of blood cells and plasma respectively. The both phase the blood cells and 

plasma move with common velocity. Campbell and Pitcher have presented a model for this condition. 

Equation of continuity for two phases according to principle of conservation of mass defined by J.N., and 

Gupta R. C. As follows- 

 

𝜕𝑋𝜌𝑐  

𝜕𝑡 + (𝑋𝜌𝑝  ) ,𝑖 = 0 
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II. FORMULATION OF THE PROBLEM AND ITS SOLUTION 

Let us consider a bell shaped stenosis geometry given by [3] 

 

R(z)  = R0 [1 −
δ

R0
exp (

−m2ε2z2

R0
2 )]                                    (1) 

Where R0 stands for the radius of the arterial segment outside the stenosis, R(z) is the radius of the 

arterial segment under consideration of a longitudinal distance 

z from the left end of the segment, δ is the depth of the stenosis at the throat and m is a parametric 

constant, ε is characterizes the relative length of the constriction, defined as the ratio of the radius to half 

length of stenosis, 

i. e.  ε =
R0

L0
 

 

Considering the stenosis geometry to be of the form 

 

R(z)

R0
= [1 − ae−bz2

]                   (2) 

With 

a =
δ

R0
 and b =  

m2ε2

R0
2  

 

Let us consider blood as a power law fluid, the constitutive equation for power law fluid is given as 

 

τ = μen 

Or 

(
τ

2μ
)

1
n

= e =  (

1
2 pr

μ
)

1
n

=  −
du

dr
 

 

       μ = (
P

2μ
)

1

n
 

n

n+
r

1

n
+1

+c                                  (3) 

 

Using boundary conditions 

τ is finite at r = 0 (regularity condition)                  (4) 

 

u = 0 at r = R(z) (no-slip condition)               (5) 

 

𝑢 = (
𝑃

2𝜇
)

1

𝑛
 

𝑛

𝑛+1
(𝑅0

1

𝑛
+1

−    𝑟
1

𝑛
+1)                      (6) 

 

In the absence of the stenosis (𝛿 = 1) 
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𝑢𝑝 = (
𝑃

2𝜇
)

1

𝑛
 

𝑛

𝑛+1
(𝑅0

1

𝑛
+1

−   𝑟
1

𝑛
+1)                      (7) 

 

Where the subscript p denotes the poiseuille flow 

 

𝑢

𝑢𝑝
=

(𝑅0

1
𝑛

+1
−  𝑟

1
𝑛

+1)

(𝑅0

1
𝑛

+1
−    𝑟

1
𝑛

+1)

              (8) 

 

Flow rate can be given as [4] 

 

𝑄 =  ∫ 𝑢2𝜋𝑟𝑑𝑟
𝑅

𝑜

 

 

         𝑄 =  𝜋 (
𝑃

2𝜇
)

1

𝑛
 
𝑅

1
𝑛

+3

1

𝑛
+3

                                   (9) 

𝑃 =  
2𝜇

𝑅1+3𝑛
(

𝑄

𝜋
(

1

𝑛
+ 3))

𝑛

            (10) 

Pressure drop across the length of the stenosis 

∆𝑃 =  
2𝜇

𝑅0
1+3𝑛 (

𝑄

𝜋
(

1

𝑛
+ 3))

𝑛

 ∫
𝑑𝑧

(
𝑅
𝑅0

)
1+3𝑛   

𝑧0

−𝑧0

                    (11) 

 

In the absence of the stenosis (𝛿 = 0) 

 

(∆𝑃)𝛿=0 =  
2𝜇

𝑅0
1+3𝑛  (

𝑄

𝑛
(

1

𝑛
+ 3))

𝑛

𝑧0                      (12) 

 

𝐾 =  
∆𝑃

(∆𝑃)𝛿=0
 

 

Or 
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1
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𝑅
𝑅0

)
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∆𝑃 =  
4𝜇
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1+3𝑛 (

𝑄

𝜋
(

1

𝑛
+ 3))

𝑛

  (2𝐿 − 2𝑧0)

+  
2𝜇

𝑅0
1+3𝑛 (

𝑄

𝜋
(

1

𝑛
+ 3))
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𝑑𝑧

(
𝑅
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When there is no stenosis 

(∆P)δ=0 =  
4μ

R0
1+3n  (

Q

n
(

1

n
+ 3))

n

 L                      (15) 

 

K1 =
P

(∆P)δ=0
= 1 −

Z0

L
+

1

2L
 ∫

dz

(
R

R0
)

1+3n   

z0

−z0

          (16) 

 

The shear stress on the surface of the stenosis is given by 

 

τ =  
1

2
 P(z)R(z) 

 

 

τ =  
1μ

R3n
  (

Q

π
(

1

n
+ 3))

n

                                (17) 

 

Also the ratio of shearing stress on with and without stenosis can be written as; 

 

 

τ =  
τ

τp
=   (

R

R0
)

3n

                                    (18) 

 

II. RESULTS & CONCLUSION 

In this paper, we have dealt with the effects of stenosis in an artery by considering the blood as power-

law fluid. It has been concluded that the pressure drop and shear stress increases as the size of the 

stenosis increases for a given non-Newtonian model of the blood. The expression for velocity in Eqs. (8), 

for pressure drops across the length of the stenosis in Eqs. (13), for pressure drops along the length of the 

artery in Eqs. (16) and for shear stress in Eqs. (18) and displayed graphically. Figure (1) & (2) shows 

variation of pressure drop across the length of the stenosis w. r. t. stenosis height and the relative length 

of the constriction and highlights that the pressure drop increases with increases and decreases with 
δ

R0
 

increases. Eqs. (16) Depicts that the pressure drop along the length of the artery increases with 
δ

R0
  and 

increases with 
z0

L
 increases for fixed n, this is in conformity with the results obtained by Kapur [4]. 

Variation of wall shear stress with axial distance z, stenosis height and with ε are presented in fig. (2), 

fig. (3) & fig. (5) respectively. Form the figure 3, it can be clearly observed that shear stress increases 

from its approached magnitude (i.e. at z = -2.5) in the upstream of the throat with the axial distance and 

achieves its maximal at the throat of the stenosis and then decreases in the downstream and attains a 

lower magnitude at the end of the constriction profile (i.e. at z=2.5). Magnitude of wall shear stress in 

uniform tube is lower than its magnitude in stenosed artery; this is in conformity with the results obtained 

by Biswas and Chakraborty [1]. It can be seen from fig (4) that shear stress increases with the height of 

stenosis and it is always greater than unity and increases as value of n increases, for fixed 
δ

R0
    Fig. (5) 

Shows shear stress decreases with the relative length of the constriction. 
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This graph between blood pressure drop and hematocrit in major Beta thalassemia (Cooley amania) 

patient shows that when hematocrit increased then blood pressure drop also increased. 

I. ACKNOWLEDGMENT 

I feel it to be a privilege to express my deepest sense of gratitude towards my advisory committee 

Dr. Rizwan Khan, Department of Mathematics, Govt. Nehru PG College, Deori and Dr. Virendra 

Upadhyay, Associate Professor - Mathematics, Department of Physical Science, M.G.C.G.V. Chitrakoot 

Satna (M.P.). 

 

REFERENCES 

[1]  D.Biswas and U.S.Chakraborty, (2010): Two- layered pulsatile blood flow in a stenosed artery 

with body acceleration and slip at wall, Applications and Applied Mathematics: An International 

Journal (AAM), 05(10), 1400-1417. 

[2] F.R. Eirich, Rheology Theory and Applications, vol. 3, Academic press Inc. Publishers, New 

York, S.F., London, 1960. 

[3] J.C. Misra and G.C.Shit (2006): Blood flow through arteries in a pathological state: A theoretical 

study, International Journal of Engineering Science, 44, 662-671. 

http://www.ijcrt.org/


www.ijcrt.org                                              © 2025 IJCRT | Volume 13, Issue 1 January 2025 | ISSN: 2320-2882 

IJCRT2501434 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org d849 
 

[4]  J.N. Kapur, (1985): Mathematical models in biology and medicine, New Delhi: East-West Press 

[5]  Kumar, S. and Diwakar, C.S., 2013: A Mathematical Model of Power Law Fluid With an 

Apllication of Blood Flow through an Artery with Stenosis, Advances in Applied Mathematical 

Biosciences Vol. 4, No. 1 (2013), pp. 25-36. 

[6]  N. Casson, in: C.C. Mill (Ed.), Rheology of Disperse Systems, Pergamon Press, London, 1959, 

pp. 84-102. 

[7]  P.Mathur and S.Jain (2011): Pulsatile flow of blood through a stenosed tube:effect of periodic 

body acceleration and a magnetic field, J Biorheol , doi: 10.1007/s12573-011-0040-5. 

[8]  R. Ali, R. Kaur, V. K. Katiyar and M. P. Singh (2009): Mathematical modeling of blood flow 

through vertebral artery with stenoses, Indian Journal of Biomechanics, special issue NCBM. 

[9]  R. Bali and U. Awasthi, (2007): Effect of a magnetic field on the resistance to blood flow 

through stenotic artery. Applied Mathematics and Computation, 188, 1635-1641 

[10]  S. R Shah. and S. U.Siddiqui, (2011): Two-phase model for the study of blood flow through 

stenosed artery.International Journal of Pharmacy and Biological Sciences, 1,246-254. 12 Pankaj 

Mathur and Surekha Jain 

[11] Shit, G.C. and Roy, M., 2012: "Hydromagnetic pulsating flow of blood in a constricted porous 

channel: A theoretical study", Proceedings of the world congress on Engeering, London, UK, vol. 

I, Pp 83-88. 

[12]  Shukla, J.B., Parihar, R.S. and Rao, B.R.P., 1980, "Effects of stenosis on non-Newtonian flow of 

the blood in an artery," Bulletin of Mathematical Biology, vol. 42, pp. 283-294. 

[13]  Sinha, A., Misra, J.C. and Shit, G.C., 2011: "Mathematical modeling of blood flow in a porous 

vessel having double stenoses in the presence of an external magnetic field," Inter. Journal of 

Biomath, vol. 4(2), pp. 207-225. 

[14] V.K.Verma, M.P.Singh and Dr. V.K.Katiyar, (2004): Analytical study of blood flow through an 

artery with mild stenosis, Acta Ciencia IndicaVol. XXX M. (2), 281. 

[15] W.W.Nichols and M.F.O. Rourke (1990): McDonald's blood flow in arteries: theoretic, experimental 

and clinical principles, Third Edition, Edward Amold A division of Hodder & Stoughton, 

London, Melbourne, Auckland. 

[16]  Y.C.Fung.(1981) Biomechanics, Springer Verlag, New York, Heidelberg.Berlin Biology, 42, 

283-294. 

[17] Yadav A.K., Kumar S. et al. (2020): "Behavior of synovial fluid in a circular rigid artery" 

International Journal of Trend in Scientific Research and Development, Vol.4 issu 4, p 652- 655 

[18]  Young, D.F., 1979, "Fluid mechanics of arterial stenosis", J. Biomech. Eng. ASME, vol. 101, pp 

157-175. 

[19]  Needs T, Mosquera LFG, Lynch DT. Beta Thalassemia, PMID: 2022. 30285376. 

[20]  Cavazzana-Calco M, Payen E, Negre O, Wang G, Hehir K, Fusil F, et al., Gene Therapy for B-

Haemoglobin Opathies; c2010. doi-10.1038/nature09328. 

[21]  Abu Samra W, Auda H, Al-Tonbary KY. Impact of educational programme regarding chelation 

therapy on the quality of life for B- Thalassemia major children. Hematology, 2015. 

[22]  Maurya P. Upadhyay V. Chaturvedi SK, Kumar D. Mathematical Study and Simulation on 

Stenosed Carotid Arteries with The Help of a Two-Phase Blood Flow Model, The Canadian 

Journal of Chemical Engineering: c2022. DOI: 10.1002/cjce.24834, 

[23]   Devi L, Upadhyay V, Chaturvedi SK, Pandey PN. Mathematical Modelling of Two-Phase Blood 

Flow in Arterioles During Iron Deficiency Anemia, UJIRT. 2022,9(4):2349-6002 

[24]   Gupta P, Upadhyay V, Chaturvedi SK, Kumar D, Pandey PN. Mathematical Analysis of the Two-

Phase Coronary Blood Flow in Arterioles with Silent Ischemia Disease. International Journal of 

Creative Research thoughts (UCRT); ISSN:2320-2882, 2022, 10(10), 

http://www.ijcrt.org/


www.ijcrt.org                                              © 2025 IJCRT | Volume 13, Issue 1 January 2025 | ISSN: 2320-2882 

IJCRT2501434 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org d850 
 

[25]  Mishra S, Upadhyay V. A Mathematical Study of Two Phase (One Phase is Newtonian and Other 

is Non- Newtonian) Coronary Blood Flow in Venules Using Herschel Bulkley Model During 

Angina, 2017 IJIRAS; ISSN:2394-4404;4(1). 

[26]  Joisan K, Bhoraniya R. Chandum AM. Numerical Analysis Two Phase Blood Flow in Idealized 

Artery with Blockage. Springer Nature Singapore Pie Lid; c2019. DOI: 10.10071978-981-13-

2697-4_29. 

[27]  Kumar D, Kumar P, Rai KN. Numerical solution of Non- linear Dual Phase-Lag-Bio-Heat Transfer 

Equation within Skin Tissues. Mathematical 2017,293:56-63. 

[28]  Upadhyay V, Chaturvedi SK, Upadhyay A. Discussed A Mathematical Model on The Effect of 

Stenosis in Two Phase Blood Flow in Arteries Remote from The Heart. Journal of International 

Academy of Physical Sciences. 2012;16(3):247-257. 

[29]  Anne W, Allison G. Ross and Wilson Anatomy and Physiology in Health and Illness. Churchill 

Livingstone, 11 edition, London, UK; c2010, ISBN 9780702032288  

[30]   Uc De, Shaikh AA, Sengupta J. Tensor calculus (II- Edition), Alpha sciencesInternational Ltd, 

Oxford, UK. ISBN, 2008, 978-1-84265-448-4. 

[31]  Kapur JN. Mathematical Models in Biology and Medicine. EWP, New Delhi; c2008. p. 344-389. 

[32]   Wiat L, Fine J. Applied Bio-fluid Mechanics, Mc Graw- Hill companies; c2007. DOI: 

10.1036/0071472177. 

[33]  Guyton AC, JE Hall 1. Textbook of Medical Physiological. ElsevierIne, India 11 edition; c2006. 

ISBN 0-8089-2317-X. 

[34] Jagan Mazumdar N. Bio-fluid Mechanics, World scientific, 2004, (17). ISBN978-9814713979 

[35]  Upadhyay V. Some Phenomena in two phase blood flow, Ph.D. Thesis, Central University, 

Allahabad; 2001.  

[36]   Upadhyay V, et al. discussed a power law model of two- phase blood flow in arteries remote from 

the heart; c1999. 

[37]  Fung YC. Biomechanics Mechanical Properties of Living Tissues, Springer-Veray, c1993. 

DOI:10.1007/978-1- 4757-2257-4. York, ISBN978-1-4419-3104-7. 

[38] Strikwerda JC. Finite Difference Schemes and Partial Differential Equations, Chapman Hall, New 

York; c1989, 

 [39]  Walker HK, Hall WD, Hurst JW. Billett HH. Haemoglobin and Haematocrit, The History of 

Physical and Laboratory Examination, 3 Edition, Boston, Chapter; 1990. 

 

http://www.ijcrt.org/

