
www.ijcrt.org                                                  © 2025 IJCRT | Volume 13, Issue 3 March 2025 | ISSN: 2320-2882 

IJCRT2503313 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org c662 
 

Analysis Of Thermodynamic Constraints For 

Equations Of State Of Solids 
 

Pushpendra S. Sikarwar* and K.S. Singh 

Department of Physics, R.B.S. College, 

Dr. Bhimrao Aamedkar University, Agra-282002 (U.P.) India 

 

Abstract 

Equation of state of solids are used to determine pressure P- volume V- temperature T relationships 

under isothermal and adiabatic (istentropic) conditions. There are some important thermodynamic 

constraints which must be satisfied by all physically acceptable equations of state. These constraints are 

established in the present study for the entire range of compressions starting from atmospheric pressure to 

extreme compression in the limit of infinite pressure. The volume must decrease regularly and 

continuously with the increase in pressure up to extreme compression approaching zero at infinite pressure. 

It is found that bulk modulus increases with the increase in pressure such that the bulk modulus and 

pressure both become infinitely large but their ratio remains positive and finite at extreme compression. 

Variations of thermal expansivity, Grüneisen parameter, pressure derivative of bulk modulus and the 

Anderson-Grüneisen parameter have been investigated for the entire range of compressions. The higher 

order thermoelastic properties have been expressed in terms of pressure derivatives of bulk modulus at 

infinite pressure. The thermal expansivity  decreases with the increase in pressure, and tends to zero in the 

limit of extreme compression. It is also found that the Anderson-Grüneisen parameter remains positive and 

finite at infinite pressure. 

Keywords : Equations of state, infinite pressure behaviour, thermal expansivity, pressure derivatives of 

bulk modulus, Anderson-Grüneisen parameter, thermoelastic properties. 

1. Introduction 

 Equations of state (EOSs) provide useful methods for determining pressure P-volume V-

temperature T relationships for different types of materials (Anderson, 1995, Stacey and Davis, 2004). The 

P-V relationship at constant T gives isothermal bulk modulus  
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On the other hand, the V-T relationship at constant P (isobaric) gives volume thermal expansion coefficient 

or simply known as thermal expansivity 
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It should be mentioned that   and KT both are important thermoelastic properties of materials (Stacey, 

2005). Calculations reveal (Birch, 1952) that bulk modulus K increases with increasing pressure such that 

K and P both become infinitely large in the limit of infinite pressure but their ratio remains positive and 

finite (Knopoff, 1963). 
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where 

K is the value of dP/dKK  at infinite pressure. Eq. (3) can also be rearranged as follows 

(Stacey, 2019) 

     1Plnd/KlndK/PK 


     (4) 
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Eq. (3) or Eq. (4) is an algebraic identity which must be satisfied by all physically acceptable equations of 

state. The thermal expansivity   of a material decreases regularly and continuously with the increase in 

pressure, and tends to zero in the limit of extreme compression or infinite pressure. The isothermal 

variation of   with the change in volume under the effect of pressure is given below (Anderson, 1995). 
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where 
T
  is the Anderson-Grüneisen parameter defined as 
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The thermodynamic constraint 


  tends to zero requires that 

T

 remains positive and finite. The script   

represents values at infinite pressure. In the present study we have investigated thermodynamic constraints 

for equations of state and related formulations. 

 

2. Method of analysis 

 The Grüneisen parameter   plays the central role in investigating thermoelastic properties of 

materials. We use the formulation given below (Stacey, 2019) 
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  can also be expressed by the generalized free volume formula  
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where f is a parameter that depends on statistical details of atomic thermal vibrations and is assigned 

different values in alternative theories (Stacey and Davis, 2004). Using Eq. (8), Stacey (2005) found that 

3/2


 and 3/5K 


 such that 

 1K . On the other hand, Burakovsky and Preston (2004) 

used Eq. (8) to obtain 2/1


 and 3/5K 


. The higher order derivatives of   are defined as follows  
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and 
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Since 

  remains positive and finite, Eqs. (9) and (10) reveal that 


q tends to zero, and 


 remains 

positive and finite in the limit of extreme compression (V → 0). For determining values of  , q and  , we 

need the knowledge of P, K, dP/dKK  , 
22 dP/KdK   and 

33 dP/KdK  . These quantities can 

be determined accurately with the help of an EOS viz. Holzapfel AP2 EOS (Holzapfel, 1998). This 

equation of state is based on the Thomas-Fermi model satisfying .3/5K 


 

 It has been found that the variations of  /1,K/1  and P/K are similar up to extreme compression. 

We can there for write (Shanker et al., 2017). 
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The second-order and third-order Grüneisen parameters are obtained from Eqs. (9-12) as follows 
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and 
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The higher order pressure derivatives of bulk modulus are written as KK,KK 2   in orders to make them 

dimensionless. It should be mentioned that 

       0.....KKKKKK IV32 


   (15) 

in the limit of infinite pressure, but their ratios such as  

 KK/KK2

 remain finite. Equations (13) and 

(14) also reveal that 


q tends to zero, and 


  remains positive finite. Expressions for the third-order 

Grüneisen parameter 


  were obtained by Shanker and Singh (2005) and Shanker et al (2009) which are 

given below 
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It has been found that 


 is positive but less than .K

  Equations (11) and (12) yield the following 

relationship between  and K  (Shanker et al., 2017). 
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Higher order pressure derivatives of bulk modulus and Grüneisen parameter have also been discussed by 

Stacey and Hodgkinson (2019). 

 An important thermodynamic constraint is that thermal expansivity 


  tends to zero at extreme 

compression. This would imply from Eq. (5) that 

T

 remains positive and finite. It has been emphasized 

by Shanker et al (2008) that the volume dependences of  and 
T
 are very similar (Anderson, 1995). 

Following the model due to Burakovsky and Preston (2004) we can write 
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where a1, a2, A1, A2 and m are material-dependent constants with m > 1. Here 2/1


 and 1K
T



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with .3/5K 


 Using Eq. (21) in Eq. (5) and then integrating, we get 
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Eq. (22) reveals that   tends to zero only when 

T

 is positive finite. This  is an important thermodynamic 

constraint. This is a result similar to that  0
S


 obtained by Stacey and Davis (2004). Here 
S
  is the 

adiabatic Anderson-Grüneisen parameter related to the temperature derivative of adiabatic bulk modulus 

KS given below  
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KS and KT are related to each other by the identity 

  T1KK
TS

        (24) 

Stacey and Davis (2004) emphasized that isothermal and adiabatic properties become identical in the limit 

of infinite pressure. So when 0
S


, we should also have 0
T


. To know more about 
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T

, we use the 

following two identities 

 
 

TT

T

T K
Vlnd

Klnd





 
      (25) 

and 
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Since 0q 


, we have 1K
T


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
. Equation (26) in the limit of infinite pressure can be written as 

follows (Dwivedi, 2016). 
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so that  

 VK
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 positive finite      (28) 

In the limit of infinite pressure, KT varies as K
V , we can rewrite Eq. (28) as follows  
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Since 1K 


, we have 


  tends to zero in the limit 0V  . Stacey (2005) has obtained the following 

identities for the temperature derivatives 
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Since 
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 and 
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 become positive finite constants, we have 
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Using Eq. (32) in (30), and Eq. (33) in (31) we get 
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 Eq. (24) gives 
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Equation (38) reveals that 

K  is independent of temperature. 

 The higher pressure derivatives of bulk modulus can be expressed in terms of 

K  and 


  

(Shanker et al., 2017, Stacey and Hodgkinson, 2019) as follows 

      

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and 
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Thus in the limit of infinite pressure, higher pressure derivatives of bulk modulus can be determined using 

only two parameters 


 andK . We have the following identity 
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K
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This gradient must be positive requiring 

 K . This is an important constraint for the validity of 

equations of state. 

3. Discussion and Conclusions 

 The volume of a material under the effect of pressure must decrease continuously and regularly 

with the increase in pressure, and must tend to zero in the limit of infinite pressure. The bulk modulus K 

increases with the increasing pressure and becomes infinitely large at infinite pressure, but the ratio K/P 

remains finite equal to .K

  We have 




TS
KK  and 


 KKK

TS
 at infinite pressure. The 

pressure derivative of bulk modulus dP/dKK   decreases continuously with the increase in pressure 

and attains a minimum positive finite value equal to 

K  at extreme compression or infinite pressure. 


K  

does not depend on temperature. The Grüneisen parameter   plays the central role.   changes with 

pressure in a similar manner as K'.   decreases and attains a constant minimum value 

  at extreme 

compression. According to the model due to Burakovsky and Preston (2004) we have 

3/1and,3/5K,2/1 


. For the infinite pressure extrapolation used by Stacey and Davis 

(2004) we find 3/2


 and 

K > 5/3, and in general 


 1K . One of the most important 

constraints is that thermal expansivity of a material 


  tends to zero. This leads to a number of important 

results. The Anderson-Grüneisen parameter 

T

 remains positive finite. K  and K   become independent 

of temperature at extreme compression. High pressure derivatives of bulk modulus such as 
IV32 KK,KK,KK   tend to zero in the limit of infinite pressure, but their ratios remain finite. The third 

order Grüneisen parameter at infinite pressure represented by 


  has been found to be less than 

K . All 

the physically acceptable equations of state and thermodynamical formulations must satisfy the constraint 

.K

  
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