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1. Introduction

Powar P. L. and Rajak K. [5], have investigated a special case of generalized topological space called
fine topological space. In this space, they have defined a new class of open sets namely fine-open sets which
contains all @ —open sets, § —open sets, semi-open sets, pre-open sets, regular open sets etc.. By using these
fine-open sets they have define fine-irresolute mappings which include pre-continuous functions, semi-
continuous function, a —continuouos function, S —continuous functions, a —irresolute functions,
B —irresolute functions, etc (cf. [5]-[12]).
In this paper, we have introduced fine g, -quotient map using fine g, -closed sets and study their basic
properties. We also study the relation between weak and strong form of fine g,-quotient maps. We also
derive the relation between strongly fine g -continuous map and fine g, -quotient maps. Examples are given
to illustrate the results.
2. Preliminaries
Throughout this paper, (X, 7, 7¢) and (Y, g, or) means fine topological spaces on which no separation axioms
are assumed. For a subset A of a space X the closure and interior of A with respect to = are denoted by

fe(A) and fi,,: (A). We use the following definitions:
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Definition 2.1 A subset A of a fine topological space (X, t, 7) is called
Q) w —closed set [16] (= g —closed) if CI(A) < U whenever A < U and U is semi —open in (X, 7)
Definition 2.2 A function f : (X,1,) - (Y, 0,) is called
(i) §,-continuous [14] if f~1(V ) is a g, —closed set of (X, t,) for each closed set of (Y,o),
Definition 2.3 Let f : (X,t) — (Y, o) be a map. Then f is said to be
()a g,-irresolute [14] if f~1(V) is §,-open in (X, 7) for each §,-open set V of
(Y, o),
Definition 2.4 A surjectivemap f : (X,t) - (Y,o0) issaid to be
(i)a quotient map [4], provided a subset U of (Y, &) is openin (Y, o) if and only if f~1(U) is open in (X, 1),
Definition 2.5 Let (X, 7, 7;) be a fine topological space we define
7(Ag) = t4(say) ={G,(#X): G, N A, = ¢,forA, e Tand A, = ¢, X, for some a €J, where J is the index
set.}
Now, we define

Tr = {$, X,Ugaep {Ta}}
The above collection z,0f subsets of X is called the fine collection of subsets of X and (X, z, ) is said to be
the fine space X generated by the topology z on X (cf. [5]).
Definition 2.6 A subset U of a fine space X is said to be a fine-open set of X, if U belongs to the collection
77 and the complement of every fine-open sets of X is called the fine-closed sets of X and we denote the
collection by F (cf. [5]).
Definition 2.7 Let A be a subset of a fine space X, we say that a point x € X is a fine limit point of A if every
fine-open set of X containing x must contains atleast one point of A other than x (cf. [5]).
Definition 2.8 Let A be the subset of a fine space X, the fine interior of A'is defined as the union of all fine-
open sets contained in the set A i.e. the largest fine-open set contained in the set A and is denoted by f;,,.(cf.
[5D).
Definition 2.9 Let A be the subset of a fine space X, the fine closure of A is defined as the intersection of all
fine-closed sets containing the set A i.e. the smallest fine-closed set containing the set A and is denoted byf,,
(cf. [5]).
Definition 2.10 A function f: (X, 7, ;) — (Y, 7/, 7¢) is called fine-irresolute (or f-irresolute) if 7Y w)is
fine-open in X for every fine-open set V of Y (cf. [5]).
Definition 2.11 A fine-open set S of a fine topological space (X, 7, 7s) (cf. [5]) is called
1. af —open if S is a —open subset of a topological space (X, ).
2 Bf —open if S is f —open subset of a topological space (X, 7).
3. pf —open if S is pre-open subset of a topological space (X, 7).
4

sf —open if S is semi-open subset of a topological space (X, 7).
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Definition 2.12 A function f: (X, 7,77) — (Y, t', 7¢) is said to be af-irresolute if f~Y(V)is af —open in
X for every af —open set V of Y (cf. [5]).

Definition 2.13 A function f: (X, 7,77) — (Y, 7', 7f) is said to be Sf-irresolute if f~Y(V)is Bf —open in
X for every Sf —open set V of Y (cf. [5]).

Definition 2.14 A function f: (X, 7,77) — (Y, 7', 74) is said to be pf-irresolute if f~'(V ) is pf —open in
X for every pf —open set V of Y (cf. [5]).

Definition 2.15 A function f: (X, 7,77) — (Y, 7', 7¢) is said to be sf-irresolute if f~(V ) is sf —open in X
for every sf —open set V of Y (cf. [5]).

Definition 2.16 Let X be a non —empty set and t be a topology on X. Let A be a subset of X, then A is said
to be fa —openif A C int (cl(int(A))). The collection of all fa —open sets of X is again a topology. We

denote this collection by 7, i.€ t¢, is the topology of fa —open sets of X. (cf. [5]).
3. fg«-continuous functions
In this section we have defined f g,-continuous maps in fine topological space.

Definition 3.1 A subset A of a fine topological space (X, t, 7) is called

(i)  fw —closed set (= fg —closed) if f;;(A) € U whenever A € U and U is semi —openin (X, 7, Tf)
Example 3.2 Let X be a set and 7 be a topology on X and , 7 be a fine topology on X

Let X={a,b,c}and r ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a,b}.{ac}}

Fine semi open sets={ ¢, X, {a},{a, b}, {a, ¢}, The collection of fw —closed setsin (X, z,1f)is { ¢, X {b},
{c} {b, c}}.

(i) a* fg —closed set [9] if f;(A) S U whenever A € U and U is fw —open in (X, 7,7) Example 3.3
Let X be a set and 7 be a topology on X and , 7, be a fine topology on X

Let X={a b, c}and 7 ={ ¢,X,{a}} and 7,={ ¢, X, {a}{a, b} {a,c}}
fw —closed sets={ ¢, X,{b}.,{c}, {b, c}} and fw — open sets ={ ¢, X, {a},{a,b}{a,c}}

The collection of  fg —closed sets in (X, 7, 7¢) is { ¢, X,{b}, {c} .{b, c}}.

(iii)a #fg —semi-closed set (briefly #fgs —closed) [10] if fsc(A) S U whenever A € U and U is *
fg —openin (X, 7, 7).

Example 3.4 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X

Let X={a b ,c}and r ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a b} {a.c}}

« fg —closed sets = { ¢, X, {b} ,{c}, {b ,c}} and * fg —open sets={ ¢, X, {a},{a ,b} ,{a,c}}

Fine semi open sets={ ¢, X, {a},{a, b}, {a, c}}

The collection of #fg —semi-closed sets in (X, t,7y) is { ¢, X,{b}, {c} .{b .c}}.

(iv) a f g —closed set [5] if f;(A) < U whenever A € U and U is #fgs —open in (X, 7, 7) and Example
3.5 Let X be a set and 7 be a topology on X and , 7, be a fine topology on X
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Let X={a b ,c}and t ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a, b} {a.c}}

#fg —semi-closed sets ={ ¢, X ,{b}, {c} .{b ,c}} and #fg —semi-open sets ={ ¢, X, {a},{a ,b} ,{a ,c}},
The collection of f g —closed sets in (X, 7,7¢) is { ¢, X,{b}, {c} .{b ,c}}.

(V) a fgq-closed set [2] if fac, (A) € U whenever AC U and U is #fgs —open in (X, 7,77). Example
3.6 Let X be a set and 7 be a topology on X and , 7, be a fine topology on X

Let X={a,b,c}and 7 ={ ¢,X,{a}} and 7,={ ¢, X, {a},{a b} {a.c}}

#fg —semi-open sets ={ ¢, X, {a},{a ,b} {a.c}},

f a-closed sets={{ ¢, X,{b}, {c} .{b ,c}}, The collection of f g,-closed sets in ( X, 7, 7f) is

{ ¢, X.{b}, {c} {b c}}.

The complement of = fg —closed (resp fw —closed, #fgs —closed, f§ —closed and f g, —closed) set is
said to * fg —open (resp fw —open, #fgs —open, fg —open and f g, —open).

Definition 3.7 A function f : (X,7,7;) - (Y,0,0) is called

(i) f§q-continuous if f~1(V ) isa f g, —closed set of (X, T, rf) for each closed set of (Y0, o),

Example 3.8 Let X be a set and = be a topology on X and , 7, be a fine topology on X. And Y be a another
set and o be a topology on Y and a; be a fine topology on Y.

Let X={a,b,c}andt={ ¢,X,{a}} and 7,={ ¢, X, {a},{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

Gafa(X)={ ¢, X {b}, {c} {b c}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a f g,-continuous.

(ii)strongly  f g.-continuous [6] if f~'(V) is a closed set of (X, 7,/) for each ', f§,-closed set V of
(Y,0,05).

Example 3.9 Let X be a set and 7 be a topology on X and , 7¢ be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a ,b,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},

GafCl(X)z { ¢'X’{b}1 {C} ’{b ’C}}1 and éafCl (Y):{ ¢’Y1{2}! {3}! {2!3}}
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly

f g.-continuous.
Definition 3.10 Let f : (X, 7,77 ) = (Y,0,0f) be amap. Then f is said to be
(ia fgq-irresolute if f=1(V) is fgg-openin (X, z,7/) for each f g,-open set V of
(Y, g, 0¢),
(ii) a fg-irresolute [3] if f~1(V ) is fg -open in (X, T, t5) for each f g-open set V of (Y, g, of).
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Example 3.11 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and oy be a fine topology on Y.

Let X={a b ,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}
Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {12}, {1.3}},
Gafar(X)={ ¢, X {b}, {c} {b c}}, and G,O(X) ={ ¢, X, {a}{a, b}, {a, c}},

Gafar(V={ ¢,Y {2}, {3}, {2,3}} and G,O(Y) ={ ¢,Y {1}, {1.2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly

f gq-irresolute.

Example 3.12 Let X be a set and 7 be a topology on X and, 74 be a fine topology on X. And Y be a
another set and o be a topology on Y and o be a fine topology on Y.
Let X={a,b,c}andr ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}
Let Y={1,2,3}and 0 ={ ¢,Y ,{1}} and o,={ ¢,Y {1}, {12}, {1.3}},
f g-closed sets of (X, 7,77) ={ ¢, X,{b}, {c} {b,c}} and
fg-open sets of (X, 7,7¢) ={ ¢, X, {a}{a, b}, {a,c}},
f g-closed sets of (Y, o,0¢) ={ ¢,Y {2}, {3}, {2,3}} and
fg-open sets of (Y, o,0¢) ={ ¢,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly
f g-irresolute.
Definition 3.15 A surjective map f : (X, T,Tf ) - (Y,0, or ) is said to be
Q) an fa-quotient map if f is fa-continuous and f~* (V') is openin (X, 7, 7;) implies V is an fa -open
setin (Y, o, 0f) and
(i) an fa* -quotient map if fis fa —irresolute and f~*(V) is an fa-open set in (X, 7, 7¢) implies V is
an open setin (Y, g, oy).
Example 3.16 Let X be a set and 7 be a topology on X and, 74 be a fine topology on X. And Y be a
another set and o be a topology on Y and oy be a fine topology on Y.
Let X={a,b,c}andr ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}
Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},
fa-closed sets of (X, 7,77)=={ ¢, X, {b}.{ c}, {b ,c}}, and
fo-open sets of (X, 7,7¢) ={ ¢, X, {a}.{a, b}, {a, c}},
fa-closed sets of (Y, o, 0¢)={ ¢,Y,{2}.{3}.{2,3}}, and
fa-open sets of (Y, o,0¢) ={ ¢,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a fa- quotient map.
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Example 3.17 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and oy be a fine topology on Y.

Let X={a b ,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {12}, {1.3}},

fa-closed sets of (X, 7,77)=={ ¢, X, {b}.{ c}, {b .c}}

fa-open sets of (X, 7,7,) ={ ¢, X, {a}{a, b}, {a, c}}

fo-closed sets of (Y, g, 07)={ ¢,Y {2}.{3}.{2,3}}

fa-open sets of (Y, g, 07) ={ ¢,Y {1}, {1,2}, {1,3}}

The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a fa*- quotient map.

Definition 3.18 A subset A of a fine topological space (X, t,7y) is called

(i) fw —closed set (= fg —closed) if f;;(A) S U whenever A € U and U is fine semi-open in (X, T, Tf)
(ii) a* fg —closed set if fo;(A) € U whenever A< Uand U is fw —open in (X, T, 7y),

(iii) a #fg —semi-closed set (briefly #fgs —closed) [10] if fsc(A) © U whenever A € U and U is *
fg —openin (X, 7, 7f).

(iv) a fg —closed set if fo;(A) € U whenever A € U and U is #fgs —open in (X, t,7s) and

(V) a fgg-closed setif fa —CI(A) € U whenever AS Uand U is #fgs —openin (X,t,1y).

The complement of * fg —closed (resp fw —closed, #fgs —closed, f§ —closed and f g, —closed) set is
said to x fg —open (resp fw —open, #fgs —open, fg —open and f g, —open).
4. fg-quotient maps

In this section we have defined f §,-quotient maps in fine topological space.

Definition 4.1 A surjective map f : (X,7,7r) = (Y,0,0;) is said to be a fg,-quotient map if f is fg,-
continuous and f~*(V) is open in (X, 7, 7¢) implies V is a f §,-open set in (Y, o, o7). Example- Let X be a
set and 7 be a topology on X and , 7 be a fine topology on X. And Y be a another set and o be a topology
on Y and or be a fine topology on Y.

Let X={a,b,c}andr ={ ¢,X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1,f(b)=2,f(c)=3.The function f is a f §,-quotient map.

Definition4.2 Amap f : (X,7,7; ) > (Y, 0,0y) is said to be fg,-open if f(U) is f§, — openin (Y, 0, gf)
for each open set U in (X, 7,7/ ).

Example- Let X be a set and 7 be a topology on X and, 71 be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}andr ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},
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Go0(Y) ={ ¢,Y {1}, {1.2}, {1,3}},
The function f is defined as f(a)=1,f(b)=2,f(c)=3.The function f is a f §,-open.

Definition 4.3 Amap f : (X, T, rf) - (Y, 0,0¢) is said to be strongly fg,-open if f(U) is fg,-0pen in
(Y,0,0¢) ) for each f g,-open set U in(X, t,7s).

Example 4.4 Let X be a set and 7 be a topology on X and, 7; be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a ,b,c}andt ={ ¢,X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

G0(X) ={ ¢, X, {a}{a, b}, {a, c}}, and G,O(Y) ={ ¢,Y {1}, {1.2}, {1,3}},

The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly fg,-open.

Proposition 4.5 Ifamap f : (X,r ,rf) - (Y, 0,0f) is surjective, fg,-continuous and fg,-open, then f is
a fg,-quotient map.

Proof We only need to prove that f~*(V) is open in (X, 7,7f) implies V is a f §,-open set in (Y, g, oy).
Let f~*(V ) beanopenin (X,7,7; ). Then f(f~*(V)) is a f §,-0pen set, since f is f g,-open. Hence V is
a f g,-open set, as f is surjective, f(f~1(V)) = V. Thus, fisa f g,-quotient map.

Example 4.6 Let X be a set and 7 be a topology on X and , ¢ be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}and t={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

GraO(X) ={ &, X, {a}{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2},{1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f isa f §,-quotient map.

Proposition 4.7 I f : (X,7/9« ,7;) > (Y,0/9%,0;) beaquotient map, then f : (X,7,77 ) = (Y,0,0)
is a f g,-quotient map.

Proof Let V be any open setin (Y, o, o7 ), then Visa f g,-opensetin (Y, 0,07 ) and V € o/ 9« . Then f~1(V)
is an open in (X,r,rf). Because f is a quotient map, that is, f~'(V) is a fg,-open setin (X, T,1f).
Supposef~*(V) is an open in (X,7,7y), that is £ ~*(V) € t/9«. Since f is a quotient map, V € g/ 9« and V
is a f g,-open setin (Y, a,05). This shows that f : (X,7,7,) > (Y,0,07) is a f §,-quotient map.
5. Strong form of f g,-quotient maps

Definition 5.1 Let f : (X,7,77 ) = (Y,0,05) be a surjective map.Then f is called strongly fg,-quotient
map provided a set U of (Y, o, af) is an open in Y if and only if f~1(U) is a f §,-open setin (X, 7, 7s).
Example 5.2 Let X be a set and 7 be a topology on X and, 7¢ be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}and t={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}
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Let Y={1,2,3}and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},

GraO(X) ={ #,X, {a},{a, b}, {a, c}}, and G, O(Y) ={ &,Y {1}, {1.2}, {1.3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f g,-quotient map.

Theorem 5.3 Every strongly f g,-quotient map is f g,-open.

Proof Let f : (X,7,77 ) = (Y,0,0f) be astrongly fg,-quotient map. Let V be an open set in (X, 7, 7).
Since an every open set is f §,-open [2] and hence V is f g,-openin (X, 7, 7). Thatis f~*(V) is f §,—open
in (X, 7,75). Since fis strongly f g,-quotient, f (V') is an open and hence f g,-openin (Y, g, af). This shows
that fisa f g,-open.

Example 5.4 Let X be a set and 7 be a topology on X and, 7; be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a b ,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

GraO(X) ={ ¢, X, {a}{a, b}, {a, c}}, and G;, O(Y) ={ ¢,Y {1}, {1.2}, {1.3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f g,-quotient map. Thus f is
a f g,-open.

Remark 5.3 The converse need not be true.

Example 5.4 Let X be a set and 7 be a topology on X and , 7¢ be a fine topology on X. And Y be a another
set and o be a topology on Y and oy be a fine topology on Y.

Let X={a,b,c}and t={ ¢, X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {12}, {1.3}},

GraO(X) ={ &, X, {a},{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a fg,-open. But not “strongly fg,-
quotient map. Since f~*(3) = {c} is not f §,-open in (X, t,7y).
Theorem 5.5 Every strongly f g,-quotient map is strongly f §,-open.

Proof Let f : (X,t, 5 )- (Y,0, or) be astrongly f g,-quotient map. Let V be a f g,-open setin (X, 7, 7¢).
Thatis f~*(f(V)) is f Go-openin (X, 7, tf). Since f is strongly f g,-quotient, f (V) is open and hence f G-
open in (Y, g, a5). This shows that f is strongly f g,-open.

Example 5.6 Let X be a set and 7 be a topology on X and , 7; be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},

GraO(X) ={ &, X, {a}{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2}, {1,3}},

The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly fg,-open.
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Remark 5.5The converse need not be true.

Example 5.6 Let X be a set and 7 be a topology on X and, 7¢ be a fine topology on X. And Y be a another
set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a b ,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{2}} and o,={ ¢,Y {2}, {1.2}, {2,3}},

GraO(X) ={ &, X, {a}{a, b}, {a, c}}, and G, O(Y) ={ $,Y {2}, {1,2}, {2,3}},

The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f §,-open. But not “strongly
f §o-quotient map. Since f~1({1}) = {a} is not f §,-openin (X, , 77) but {1} is not open in (Y, g, of).
Definition 5.7 Let f : (X,r,rf) - (Y,0,05) be a surjective map. Then fis called a f g=-quotient map if
fis fg,-irresolute and £ =1 (V) is a f g,-open set in (X, 7, 77) implies U is open in (Y, o, of).

Example 5.8 Let X be a set and 7 be a topology on X and , 7; be a fine topology on X. And Y be a another
set and o be a topology on Y and a; be a fine topology on Y.

Let X={a,b,c}andr ={ ¢,X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}

Let Y={1,2,3}and 0 ={ ¢,Y,{1}} and o,={ ¢,Y {1}, {1.2}, {1.3}},

GraO(X) ={ &, X, {a},{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f g *-quotient map.
Theorem 5.9 Every f g, -quotient map is strongly f g,-open.

Proof Let f : (X,7,7;) > (Y,0,07) bea fg;-quotient map. Let V be a f §,-open setin (X,,7;). Then
fUf(V)) is fge-open in (X,T,7f). Since fis f ga-quotient, this implies that £(V).is open in (Y, 0, 0y)
and thus f g,-open in (Y, g, o¢). Hence f is strongly f g,-open.

Example- Let X be a set and 7 be a topology on X and , 7; be a fine topology on X. And Y be a another
set and o be a topology on Y and oy be a fine topology on Y.

Let X={a ,b,c}and t ={ ¢,X,{a}} and ts={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

GraO(X) ={ &, X, {a}{a, b}, {a, c}}, and G;, O(Y) ={ ¢,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f §,-open.

Remark 5.10 The converse need not be true.

Example 5.11 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and oy be a fine topology on Y.

Let X={a,b,c}andz ={ ¢, X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}
Let Y={1,2,3} and o ={ ¢,Y {2}} and o,={ ¢,Y {2}, {1,2}, {2,3}},

GraO(X) ={ ¢, X, {a},{a, b}, {a, c}} and Gr,O(Y) ={ ¢,Y {2}, {1,2}, {2,3}},
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The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly fg,-open but not fg,-
quotient map. Since f~1({1})={a} is f §,-open in (X, T, T¢ ) but {1} is not open in (Y, g, o¢).

Proposition 5.12 Every fa*-quotient map is a f g,-quotient map.

Proof Let f be a fa*-quotient map then f is surjective,fa — irresolute and f~1(U) is an fa-set in
(X,7,7,) implies U is an open setin (Y, o, gy ).Since every fa — irresolute map is f g,-irresolute, £ ~*(U)
isan fa-set whichis a fg,.Hence fisa f g,-quotient map.

Example 5.13 Let X be a set and 7 be a topology on X and, 74 be a fine topology on X. And Y be a
another set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}andt ={ ¢,X,{a}} and 7,={ ¢, X, {a}.{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y .{1}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

GraO(X) ={ &, X, {a},{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2}, {1,3}},

The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f g,-quotient map.

Remark 5.14 The converse need not be true.

Example 5.15 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}and t={ ¢,X,{a}} and 7,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {2}} and o,={ ¢,Y {2}, {1,2}, {2,3}} ,

GraO(X) ={ &, X, {a},{a, b}, {a, c}}, and G, O(Y) ={ $,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1=f(b), f(c)=3. The function f is a strongly f g-open butnot fa*-quotient
map. Since £~ ({1})={a b} is f §,-open in (X, 7,7, ) but {1} is not open in (Y, o, ay).

Proposition 5.16 Every f g,-quotient map is strongly f g,-quotient map.

Proof If V be an open set in (Y,q,07) then it is fg,-open in (Y,0,05).Scince f is fg,-irresolute
fY(Vis a fga-open in (X,7,77).Also V is open in (Y,o,0;) implies f~2(V) is a f§,-open set in
(X,0,0¢).f f71(V)is a fg,-open in (X,0,07).Since f is a fg;-quotient map, V is an open set in
(Y, o, o-f).Hence f is a strongly f g,-quotient map.

Example 5.17 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and a5 be a fine topology on Y.

Let X={a,b,c}and t ={ ¢, X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and 0 ={ ¢,Y {1}.{1.2}} and o,={ ¢,Y {1}, {1,2}, {1,3}},

GraO(X) ={ &, X, {a}{a, b}, {a, c}}, and G;,O(Y) ={ $,Y {1}, {1,2}, {1,3}},
The function f is defined as f(a)=1, f(b)=2, f(c)=3. The function f is a strongly f g,-quotient map.

Remark 5.18 The converse need not be true.
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Example 5.19 Let X be a set and 7 be a topology on X and, 7 be a fine topology on X. And Y be a
another set and o be a topology on Y and oy be a fine topology on Y.

Let X={a b ,c}and t ={ ¢,X,{a}} and t,={ ¢, X, {a}{a, b}, {a,c}}

Let Y={1,2,3} and o ={ ¢,Y {2}} and o,={ ¢,Y {2}, {1,2}, {2,3}},

GfaO(X) :{ ¢,X, {a}!{a ’ b} ) {a ’ C}}, and Gfao(y) :{ ¢,Y,{2}, {1!2}! {2!3}}’
The function f is defined as f(a)=1= f(b), f(c)=3. The function f is a strongly f §,-quotient map but not f g;-
-quotient map. Since f~*({1})={a,b} is f g,-open in (X, 7,7, ) but {1} is not open in (Y, g, o).
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